Ultralight bosonic fields are compelling dark-matter candidates and arise in a variety of beyond-Standard-Model scenarios. These fields can tap energy and angular momentum from spinning black holes through superradiant instabilities, during which a macroscopic bosonic condensate develops around the black hole. Striking features of this phenomenon include gaps in the spin-mass distribution of astrophysical black holes and a continuous gravitational-wave (GW) signal emitted by the condensate. So far these processes have been studied in great detail for scalar fields and, more recently, for vector fields. Here we take an important step forward in the black-hole superradiance program by computing, analytically, the instability time scale, the direct GW emission, and the stochastic background, in the case of massive tensor (i.e., spin-2) fields. Our analysis is valid for any black hole spin and for small boson masses. The instability of massive spin-2 fields shares some properties with the scalar and vector cases, but its phenomenology is much richer, for example there exist multiple modes with comparable instability time scales, and the dominant GW signal is hexadecapolar rather than quadrupolar. Electromagnetic and GW observations of spinning black holes in the mass range M ∈ (1, 10 10 )M can be turned into a bound 10 −10 eV/c 2 m b 10 −22 eV/c 2 on the mass of a putative spin-2 field. For 10 −17 eV/c 2 m b 10 −15 eV/c 2 , the space mission LISA could detect the continuous GW signal for sources at redshift z = 20, or even larger.
Introduction. In the last decade a surprising connection between gravity in the strong field regime and particle physics has emerged in several contexts [1, 2] . Probably the most spectacular one is the possibility to search for ultralight bosons with current [3] [4] [5] [6] [7] [8] and future [9] [10] [11] [12] gravitational-wave (GW) detectors. Ultralight bosons (such as the QCD axion, axion-like particles, dark photons, etc) could be a significant component of the dark matter [13] [14] [15] [16] and are predicted in a multitude of beyond Standard Model scenarios [14, [16] [17] [18] , including extra dimensions and string theories. They naturally interact very weekly and in a model-dependent fashion with baryonic matter, but their gravitational interaction is universal.
A striking gravitational effect triggered by these fields near spinning black holes (BHs) is the superradiant instability [19] [20] [21] [22] [23] , which occurs whenever the boson frequency ω R satisfies the superradiant condition 0 < ω R < mΩ H , where Ω H is the horizon angular velocity and m is the azimuthal quantum number of the unstable mode.
Recent years have witnessed spectacular progress in understanding superradiant instabilities and their phenomenology, both for scalars [3-6, 20, 24-26] and for vectors [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . In the superradiant regime the BH spins down, transferring energy and angular momentum to a mostly dipolar (m = 1) boson condensate until ω R ∼ Ω H . The condensate is then dissipated through the emission of mostly quadrupolar GWs, with frequency set by the boson mass m b ≡ µ (we use G = c = 1 units). On longer time scales this process continues for m > 1 modes. The mechanism is most effective when the boson's Compton wavelength is comparable to the BH's gravitational ra- * richard.brito@roma1.infn.it † paolo.pani@uniroma1.it dius, i.e. when the gravitational coupling α ≡ M µ = O(0.1), which requires m b ∼ 10 −11 (M /M ) eV [22] . Compared to the scalar and vector cases, very little is known about the much more involved problem of the superradiant instability triggered by massive tensor (i.e., spin-2) fields. To the best of our knowledge the only work on the subject performed a perturbative expansion to linear order in the spin [38] , which is inaccurate in the most interesting regime of highly-spinning BHs. Furthermore, the coupling of a massive spin-2 field to gravity is highly nontrivial [39] [40] [41] [42] [43] and this increases the complexity of the problem. In this work we fill a gap in the BH superradiance program by computing analytically for the first time the superradiant instability time scale and the GW emission from BH-condensates made of massive spin-2 fields. We work in the "small-coupling" limit, α 1, but do not make any assumption on the BH spin. As we shall argue, the phenomenology of the spin-2 superrandiant instability is similar to the spin-1 case, leading to exquisite constraints on beyond Standard Model tensor fields. Furthermore, novel effects occurs in the spin-2 case which are absent for scalars and vectors. Massive spin-2 fields around spinning BHs. A massive tensor field cannot be trivially coupled to gravity [39, 43] and, at the nonlinear level, there is a unique way to couple two dynamical tensors [40] [41] [42] . On a curved, Ricci-flat [44] , spacetime g ab , the unique action to cubic order in the spin-2 fields has been derived in Ref. [45] and schematically reads
where G ab and H ab are the canonically normalized mass eigenstates describing a massless and a massive spin-2 field, respectively, L GR is the Einstein-Hilbert Lagrangian truncated at quadratic order, L cubic (to be discussed later on) is a complicated interaction term that depends either linearly on G ab and quadratically on H ab , or cubically on G ab and H ab independently.
To the zeroth order in the massive field H ab , the field equations reduce to R ab (g) = 0 and we consistently assume a background Kerr metric, although our computation does not depend on the details of the background and should be valid also for different solutions that might exist in bimetric theories [46, 47] . To first order, the linearized field equations describing the five physical degrees of freedom of a massive spin-2 perturbation read [38, 48] 
where the box operator, the Riemann tensor, and contractions are constructed with the background metric.
In Appendix A we detail the procedure to solve Eqs. (2) and (3) on a Kerr background in the α 1 limit, in order to compute the superradiant instability time scale. The method is based on matched asymptotics, namely the field equations are solved separately in a far zone (r M ) and in a near zone (r µ −1 ). The two solutions can be matched in a common region when α 1, see Fig. 1 . In addition, at variance with the scalar and vector cases, to be able to solve the field equations analytically we also need to consider the region where the Riemann tensor term in Eq. (2) is much smaller than the mass term. This requires 1
Since M r C 1/µ in the small-coupling limit, the matching region satisfies the above condition. Because of condition (4), our method fails to capture eigenfunctions with significant support at r r C . This is the case for the unstable spherical mode that exists in the nonspinning case [38, 46, 49] and for the "special" dipole mode found numerically in Ref. [38] 2 . On the other hand, as we will check a posteriori, the ordinary superradiant eigenfunctions have significant support only around the "Bohr radius", r Bohr ∼ M/α 2 [22] , and are therefore well reproduced by our analytical approximation.
In the far region the tensor H ab can be decomposed in a basis of "pure-orbital" tensor spherical harmonics [50] . The radial dependence is entirely encoded in the hydrogen-like radial equation, whose eigenfunctions can be labeled by their orbital angular momentum ≥ 0 and by the overtone number n ≥ 0 representing the number of nodes in the radial function. The energy levels are
as in the scalar and vector cases. The instability time scale τ inst can be computed through the energy decay rate, Γ =Ė H /M c = 1/τ inst , where M c is the energy of the condensate andĖ H is the energy flux across the horizon, which can in turn be computed through the stress-energy tensor stemming from action (1) [45, 51] T ab = − 1 16π
By also making use of the BH absorption probability for long-wavelength massless spin-2 waves [22, 52, 53] , the computation detailed in the Appendix A yields
where
is proportional to the BH absorption probability, ∆ = 1 − χ 2 , and κ = ∆ 1+∆ . The integer j ∈ (| −2|, +2) ≥ 0 is the total angular momentum, the integer m ∈ (−j, j), and the constant C j depends on the mode. The superradiant instability requires a nonaxisymmetric mode (m = 0) and therefore j ≥ 1. Hence, at variance with the scalar and vector cases, there exist two dominant unstable modes with the same scaling τ inst ∼ −α −9 (ω R −mΩ H ) −1 : the dipole j = = 1, and the quadrupole j = 2, = 0 (the latter being absent in the scalar and vector cases). We find C 20 = 128/45 and C 11 = 10/9, so that the quadrupole mode has always the shortest instability time scale. When the BH spin is small the analytical results match very well the numerical ones obtained in Ref. [38] to linear order in the spin. GWs from spin-2 condensates around BHs. The GW dissipation time scale, τ GW , can be computed from the stress-energy tensor (6) of the condensate. Crucially, τ GW τ inst M in the small-coupling limit, so the process can be thought to occur in two stages [32, 54] . In the first (linear) phase the condensate grows on a time scale given by τ inst = 1/Γ for the most unstable modes [see Eq. (7)] until the superradiant condition ω R ∼ mΩ H is nearly saturated. In the second (nonlinear) phase GW emission governs the evolution of the condensate, which is dissipated over the time scale τ GW τ inst . This separation of scales allows us to study the process in a quasiadiabatic approximation [32, 54] using Teukolsky's formalism to compute the GW emission [55, 56] . For the most unstable modes we get
where M c is the mass of the particular mode, D 202 ≈ 2 × 10 −2 and D 111 ≈ 2.6 (their analytical form is given in Appendix A). As a useful estimate, in the last step we assumed M c ∼ 0.1M [54] , M ∼ 30 M , and = 0, showing that τ GW τ inst can be relatively short. The presence of two unstable modes with comparable time scales slightly complicates the above picture. The dipolar mode grows until Ω H = ω R , reaching a mass M m=1 c . However, the BH spin keeps being extracted by the quadrupolar mode, which is still unstable in this regime and indeed saturates at Ω H = ω R /2, reaching a mass M m=2 c . During the second part of the instability, the dipole mode leaves the superradiant regime and is quickly re-assorbed by the BH (since the absorption time scale is significantly shorter than that of GW emission), thus giving back almost all its mass and spin [57] . Therefore, at the end of this second unstable phase Ω H = ω R /2 and the net mass and angular momentum loss are entirely due to the quadrupole mode, which is finally emitted in GWs over the time scale in Eq. (9) .
The emitted signal is nearly monochromatic, with frequency f s = ω R /π, where ω R is given in Eq. (5) . Thus, BH-boson condensates are continuous sources, like pulsars for LIGO or verification binaries for LISA. There are, however, two notable differences: (i) depending on the value of α, the GW emission time scale τ GW can be significantly shorter than the observation time, resulting in an impulsive signal; (ii) at variance with the case of massive scalar and vector fields, GW emission for the dominant spin-2 mode is mostly hexadecapolar and not quadrupolar, since it is produced by a spinning quadrupolar field and not by a spinning dipolar field. The hexadecapolar nature of the radiation implies that the signal vanishes along the BH spin axis, at variance with the quadrupolar case, for which it is maximum in that direction.
To estimate the GW signal, we define the characteristic GW amplitude as
is the detector frame frequency, T obs is the observation time, and h rms = Ė GW /(5f 2 r 2 π 2 ) is the root-meansquare amplitude obtained by averaging over source and detector orientations (see Refs. [5, 6] for details).
Bounds from BH mass-spin distribution. We can now turn our attention to the phenomenology of the BH superradiant instability for massive spin-2 fields. A generic prediction is that highly spinning BHs would lose angular momentum over a time scale τ inst = 1/Γ [see Eq. (7)] that might be much shorter than typical astrophysical time scales. Thus, an indirect signature of ultralight bosons is statistical evidence for slowly rotating BHs in a part of the "Regge" (mass versus angular momentum) plane of astrophysical BHs [5, 6, 22, 33, [61] [62] [63] .
Our results are summarized in Fig. 2 , whose left panel shows the "forbidden" regions in the Regge plane for selected values of m b , obtained by requiring that the instability acts on time scales shorter than known "spin-up" astrophysical processes such as accretion. Here we conservatively require that τ inst be shorter than the Salpeter time scale for accretion, τ S = 4.5 × 10 7 yr . Data points (with error bars) in the left panel of Fig. 2 refer to different observations: (i) Black points denote electromagnetic estimates of stellar and supermassive BH spins obtained using either the Kα iron line or the continuum fitting method [64, 65] . (ii) Red points are the 90% confidence levels for the spins of the primary and secondary BHs in (a selection of) the merger events detected in LIGO-Virgo first two runs [66, 67] . Here we use the errors on χ eff ≡ m1χ1+m2χ2 m1+m2 as a proxy for the errors on the individual spins, χ 1 and χ 2 . Whilst the binary spins measured so far with GWs are affected by large uncertainties and are anyway compatible to zero for almost all sources (but see [66, 67] for a few events in which χ eff = 0), future detections will provide measurements of the individual spins with 30% accuracy [68] . (iii) Green points are the 90% confidence levels for the mass-spin of a selection of the GW coalescence remnants [66] . While those events cannot be used to constrain the Regge plane (because the observation time scale is much shorter than τ inst ), they identify targets of merger follow-up searches [3, 4, 8, 33, 69] . This is particularly important in the spin-2 case, where τ inst can be as small as a fraction of seconds for typical remnants in the LIGO/Virgo band. (iv) Instead of using t S as a reference time scale, more direct constraints would come from comparing τ inst against the baseline (typically O(10 yr)) during which the spin of certain BH candidates is measured to be constant [70] , as it is the case for LMC X-3 [71] and Cyg X-1 [72] , shown in the left panel of Fig. 2 by blue points. These sources could confidently exclude the range m b ∈ (10 −11 , 10 −13 ). (v) Finally, the single gray point is the mass of M87 measured by the Event Horizon Telescope [73, 74] . While a direct spin mesurement is still not available, M87 has been suggested to have a large spin [75, 76] . A putative measurement χ M87 0.2 would constrain the mass range m b ∼ 10 −20 -10 −21 eV [77] [78] [79] . If the largest known supermassive BHs with M 2 × 10 10 M [80, 81] were confirmed to have nonzero spin [82] , we could get even more stringent bounds.
Very precise spin measurements of binary BH components out to cosmological distances will come from the future LISA mission [9] . Depending on the mass of BH seeds in the early Universe, LISA will also detect intermediate mass BHs, thus probing the existence of ultralight bosons in a large mass range (roughly m b ∼ 10 −14 -10 −17 eV) that is inaccessible to electromagnetic observations of stellar and supermassive BHs and to groundbased GW detectors [5, 6, 70] . This is shown in the left panel of Fig. 2 by the horizonal arrows, which denote the range of projected LISA measurements using three different population models for supermassive BH growth [6, 83] .
Owing to the wideness of the Regge gaps, the range of detectable spin-2 masses is larger than in the scalar case and similar to the vector case. If (spinning) BHs of a few solar masses are detected [84] , they can probe m b ∼ 10 −10 eV, whereas BHs as massive as M87 can reach the other hand of the spectrum, m b ∼ 10 −21 eV, where ultralight bosons are also compelling dark-matter candidates [16] . Direct GW signatures. In the right panel of Fig. 2 we compare the GW characteristic strain of Eq. (10) with the characteristic noise strain of current and future GW detectors. For a given boson mass m b and redshift z, the GW frequency depends very weakly on α, whereas the GW strain is maximum for couplings near the superradiant threshold, α 2Ω H . Each point in the (nearly vertical) lines corresponds to a single source with a given α at different redshift z ∈ (0.001, 10). Interestingly -owing to the redshift of the frequency -sources at high redshift can emit in the optimal frequency bucket even when their frequency at z ∼ 0 is marginally detectable. Furthermore, in the LISA band the signal at high redshift decreases more slowly than the slope of the noise, allowing to potentially detect sources at cosmological distances. This is better shown in the "waterfall" [9] plot in Fig. 3 where we show a typical angle-averaged redshift horizon for LISA. Remarkably, the continuous GW signal could be detected even when z ≈ 20 or higher: every supermassive BH in the universe with masses 10 4.5 M/M 10 6.5 can potentially be a detectable source if the boson mass is in [9] showing the angle-averaged LISA SNR of continuous GWs from massive spin-2 condensates for different source-frame BH masses and at different redshift. For simplicity we assumed α = 0.2, χ = 0.7, and neglected the confusion noise from the stochastic background (see Fig. 2 ). The SNR is approximately given by SNR ∼ √ 5hc/ f Sn(f ) (where the factor √ 5 comes from the fact that we are using a sky-averaged LISA PSD, see e.g. [85] ) and we assumed T obs = 4yr. the optimal range.
Finally, thick solid curves in the right panel of Fig. 2 correspond to the stochastic background from the whole BH population, for a boson mass m b , computed with the same technique as in Refs. [5, 6] and assuming the optimistic BH mass and spin distributions of Refs. [5, 6] . Roughly speaking, when the stochastic signal is higher than the detector's noise curve, it produces a "confusion noise" which can complicate the detection of individual sources [5, 6] .
To summarize, spin-2 fields with masses 10 −19 eV m b 10 −11 eV (with a small gap around m b ∼ 10 −14 eV, which might be filled by DECIGO [60] ) would turn BHs into exotic sources of continuous GWs and of a stochastic background detectable by GW detectors up to cosmological distances.
Our results can be implemented in direct search pipelines, along the lines of axion searches [7, 86, 87] . In addition, other detection strategies will include follow-up searches of post-merger remnants [4, 8, 33, 69] , and selfgravity [88] and tidal effects [89] [90] [91] [92] [93] [94] [95] of the condensate in BH binary inspirals. These will require an independent study of the full spectrum of the condensate that is left for the future. Self-interactions. The nonlinear interaction of two spin-2 fields is described by the unique general action of bimetric theories [41, 42] , which also depends on the relative coupling = M (2) P /M P of the second metric to matter, where M P and M (2) P are the effective Planck masses associated to the first and second metric, respectively. The relative coupling is essentially unconstrained for ultralight spin-2 fields [45] . Since we are interested in darkmatter fields (i.e., in fields that interact mostly gravitationally with the Standard Model particles), we require 1. The spectrum of vacuum solutions of bimetric theory is very rich and larger than the Kerr family [47] . However, in the 1 limit the general-relativistic solutions are all recovered either approximately [45] (with small O( ) corrections) or exactly (when the two background metrics are proportional to each other), so our assumption of a Kerr background metric is well justified.
In the 1 limit, the terms in the cubic Lagrangian L cubic in Eq. (1) which are cubic in H ab can be schematically written in two forms: [45] 
For the hydrogenic unstable modes, ∇H ∼ H/r Bohr so that in the small-coupling limit the second terms in Eq. (11) are smaller than the first ones. By comparing the leading cubic terms with the mass terms for H ab at the level of the action [96] , we can estimate that nonlinearities become important when
i.e. when the massive spin-2 field is of the order of the effective Planck mass associated to the second metric.
Since is essentially unconstrainted, the nonlinear scale is parametrically smaller than M P but can nonetheless be very high. As long as |H ab | M P our analysis (which neglects nonlinearities in H ab ) is robust. In the opposite regime, interesting novel effects such as "bosenovas" [97, 98] from massive spin-2 fields and formation of geons [51] with self-interactions can occur. 
where the vector ξ (sz) i is defined for s z = 0, ±1 and can be constructed from the unit Cartesian vectors e x , e y and e z :
On the other hand, using Eq. (A7) one finds that the radial function R n (r) satisfies a hydrogen-like radial equation
(A11) Thus, the radial wave functions are hydrogenic, labeled by their orbital angular moment and by the overtone number n, the latter representing the number of nodes in the radial function. Requiring regularity at r → ∞ and at r = 0 we find that the energy levels are given by 3 Eq. (5) and that the regular solution to Eq. (A11) can be written in terms of generalized Laguerre polynomials:
where we definedr ≡ 2rαµ/ ( + n + 1) and N n is an arbitrary normalization constant which we fix by requiring ∞ 0 r 2 |R n | 2 dr = 1.
In the r M limit the bound-state solutions of a massive spin-2 field in a BH spacetime can be obtained by plugging the radial function (A12) and angular functions (A8) into Eqs. (A6) and (A3), which can then be used to reconstruct the field H ab using Eq. (A2). Note that the eigenfunctions peak [22] at r ∼ M/α 2 , the largest length scale in the problem.
Massless solutions in the near-zone
In the regime where r µ −1 , and assuming eigenfunctions with negligible support when r r C , the mass term and Riemann tensor term in Eqs. (2) are subleading. In this regime the field equations are close to the ones of a massless spin-2 field in flat space, supplemented by the constraint equations (3).
To separate the solutions with different spin projections, it is convenient to write them in terms of "purespin" tensor spherical harmonics. The latter can be written as a linear combination of the pure-orbital tensor harmonics and have the convenient property of being appropriate to describe pure-spin states of radially propagating GWs in the most general metric theory of gravity (see e.g. [99] and Chapter 3 of [50] ). The pure-spin tensor spherical harmonics are given by 4
where a kp and b kp are coefficients that only depend on j; for explicit expressions see Table 3 .1 in Ref. [50] or Ref. [99] . We note that by construction Y E1 lm and Y B1 lm vanish for j = 0, whereas Y E2 lm and Y B2 lm vanish for j = 0 and j = 1. Furthemore, all these tensors are symmetric and traceless, while Y E2 lm and Y B2 lm are also transverse. For a massless spin-2 field the latter two components are appropriate to describe the two dynamical degrees of freedom, since all the other components can be eliminated by an appropriate gauge choice. On the other hand, for a massive spin-2 field all five tensor harmonics defined above are required to describe the five dynamical degrees of freedom.
Using the pure-spin tensor spherical harmonics, generic solutions to the massless wave equation can be found by multiplying each coefficient a kp , b kp by some radial function (see e.g. Ref. [100] ) to be found by imposing the massless spin-2 field equations in flat spacetime.
Matching
In the region r C r 1/µ we can match the far-zone solution with the near-zone solution. Since the matching is done in the spherically-symmetric case, we can set m = 0 without loss of generality.
Since |H 00 |, |ψ tr | |H 0i | |ψ ik |, we neglect the subleading components. Therefore, for the matching and the decay rate calculation we only consider the contribution from ψ ik , and check a posteriori the validity of this assumption by comparing the analytical results with the exact numerical calculations [38] . Therefore, in the far zone the hydrogenic solution is given by
where C far is a free constant. While our matching procedure is general, below we shall specialize the calculation for the most relevant unstable modes, in particular the quadrupole j = 2, = 0 and the dipole j = = 1. a. Quadrupole case: j = 2, = 0
Using the pure-spin tensor spherical harmonic in Eq. (A15) and the procedure outlined above to obtain the solution of the massless wave equation, for j = 2, = 0 we get
where C near is a free constant and j a are the spherical Bessel functions of the first kind of order a. By using the Taylor expansion of the latter near the origin, Similarly, using the pure-spin tensor harmonic in Eq. (A14) and following again the same procedure to find a solution, for j = = 1, we find
In this case the matching procedure yields C near = − 1 4 α 5/2 µC far . We note that the full massless solution for j = = 1 also has components H near 0i but as argued above those components give sub-leading contributions to the decay rate, and we can therefore neglect them. Using a different method than the one employed in this paper, an analytical formula for the decay rate of the j = 1, = 2 mode in the small α limit and for nonspinning BHs was obtained in Ref. [38] . Therefore, it is instructive to also consider this (subleading) mode to check the correctness of our computation.
Since this is a magnetic (i.e., odd parity) mode, we can use the pure-spin tensor harmonic in Eq. (A16) to find the solution:
In this case the matching procedure yields C near = 2 √ 5α 7/2 µC far /(27 √ 3).
Computation of the instability time scale
Having found the complete solution we can now compute the instability time scale τ inst . We shall follow Ref. [33] and compute the decay rate Γ = 1/τ inst of a given mode.
At large radii we can approximate the near-zone solutions as a superposition of ingoing and outgoing massless waves using:
Assuming that the ingoing waves travel down to the horizon without being back scattered 5 we can approximate the energy flux through the BH horizon as being given by the energy flux of the ingoing wave multiplied by the 5 This requires that the potential felt by the field vanishes close to the BH horizon. This seems to be the case for the modes we consider since in the vicinity of the BH horizon the solutions can be written as massless plane waves [38] . 18 χα 8 µ. The full expression is Eq. (7) with C 11 = 10/9. We note that in this case we set s = 1 in Eq. (A24), since the dipole mode was obtained using (A14) which transforms as a vector [99] .
Finally, for completeness we have also computed the instability time scale for j = 3, = 1 which gives Eq. (7) with C 31 = 4/4725, and for j = 1, = 2, which gives C 12 = 640/19683. The latter exactly matches the analytical results of Ref. [38] [cf. their Eq. (48)], after noting that the results in [38] refer to the decay rate of the field's amplitude, whereas our definition refers to the decay rate of the energy density, which is twice the decay rate of the amplitude.
Our main results for the instability time scale are summarized in Table A 4 .
GW emission from the condensate
Let us now discuss the derivation of the GW emission from the condensate. From action (1) we get that the massive spin-2 condensate sources GWs through the usual equation:
where E cd ab G cd is the linearized Einstein's operator and T ab is the stress-energy tensor given by Eq. (6) which, when α 1, can be computed using the hydrogenic solutions for the unstable modes. In this limit the condensate is localized far away from the BH, r Bohr M , and GW emission can be approximately analyzed in a flat background [56] .
The gravitational radiation sourced by the condensate is best described using the Teukolsky formalism [54] [55] [56] , which allows us to separate the field equations (A29) into a system of ordinary differential equations. In this formalism, gravitational radiation is described by the Newman-Penrose scalar ψ 4 which, in the flat space approximation, can be decomposed as (A31) The source term T jmω is related to the stress-energy tensor T ab (6) through the tetrad projections T ab n a n b ≡ T nn , T ab n amb ≡ T nm and T abm amb ≡ Tmm, where we adopted the Kinnersley tetrad, that in Boyer-Lindquist coordinates reads
By defining
where T S = T nn , T nm and Tmm for S = 0, −1, −2 respectively, the source reads T jmω 2π = 2 [(j − 1)j(j + 1)(j + 2)] 1/2 r 4 0 T
where L ≡ ∂ r + iω.
Once the source term is known, the radial equation (A31) can be solved using the Green's function, which in the small-frequency limit can be used to find analytical solutions [54, 57, 101] as we now describe. To construct the Green's function we consider two linearly independent solutions of the homogeneous equation. A physically motivated choice is to consider the solution R ∞ which describes outgoing waves at infinity and R H which describes ingoing waves at the event horizon:
R ∞ → A out e iωr + r 4 A in e −iωr r → 0 , r 3 e iωr r → ∞ , (A37) where we note that -owing to the flat space approximation -the event horizon lies at r → 0.
Imposing ingoing boundary conditions at the horizon and outgoing boundary conditions at infinity, we find that the solution of Eq. (A31) is given by . 4 . Comparison between the analytical decay/growth rates computed in this paper (valid for α 1 and any spin) and the numerical rates computed in Ref. [38] (valid for χ
